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This paper focuses on tetraquarks containing two heavy quarks in the formal limit where the heavy quark
masses are taken to be arbitrarily large. There are well-established model-independent arguments for the ex-
istence of deeply bound exotic q¯q¯′QQ tetraquark in the formal limit of arbitrarily large heavy quark masses.
However, these previous arguments did not address the question whether tetraquark states exist close to the
threshold for breaking up into two heavy mesons. Such states are not stable under strong interactions—they can
emit pions and decay to lower-lying tetraquark states. This raises the issue of whether the nature of the heavy
quark limit requires such states to exist as resonances that are narrow. Here we present a model-independent
argument that establishes the existence of parametrically narrow tetraquark states. The argument here is based
on Born-Oppenheimer and semi-classical considerations. The results derived here are only valid in a formal
limit that is well outside the regime occurring for charm quarks in nature. However the analysis may give some
insight in the experimentally observed narrow near-threshold tetraquark states containing a heavy quark and
antiquark.
I. INTRODUCTION
There has been a renaissance in hadronic physics over the
past decade and a half with the discovery of hadrons that seem
to be quite clearly exotic as they contain a charm quark and an-
tiquark in addition to light quark content [1, 2]. None of these
are stable under strong interactions—they are resonances that
can decay into a J/ψ plus another hadron. However these res-
onances are narrow enough to be clearly observed. Many of
them are found quite close to threshold for the decay into two
heavy hadrons. The existence of such near-threshold narrow
exotic states may well be related to the fact that the charm-
anticharm pair is significantly heavier than typical hadronic
scales. One key question is the extent to which the narrow-
ness of such states is driven by the heaviness of the charm
quark.
This paper seeks to get some insight into that issue by
studying a system that is in some ways analogous: tetraquark
systems containing two heavy quarks (rather than a heavy
quark and antiquark) in the artificial limit where the quark
mass becomes arbitrarily large. As will be shown in this
paper, in that artificial limit a large number of tetraquarks
with fixed quantum numbers emerge, including some near
threshold. These near threshold states, like those the charm-
anticharm system, are unstable under strong interactions.
(The double-heavy tetraquarks can decay via the emission of
pions into lighter tetraquarks). The virtue of studying this
analogous problem in this limit is that one has theoretical con-
trol of the problem to leading order in a systematic 1/mQ
expansion (where Q indicates a heavy quark) by using Born-
Oppenheimer and semi-classical analysis along with known
features of QCD. With these methods, it is possible to demon-
strate that these tetraquark states exist as resonances and that
these are narrow: the width goes to zero as mQ → ∞. It
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remains an open question as to whether the techniques devel-
oped here can be extended to heavy tetraquarks containing a
heavy quark and a heavy antiquark.
It is long been known that clearly discernible quantum-
number exotic hadrons exist in certain limits of QCD. 1
Demonstrations of this type based on limits of the theory are
not definitive in describing the physical world, but they show
clearly, that the structure of nonabelian gauge theories such as
QCD does not forbid exotic hadrons. In this spirit, the present
paper probes the question of what the heavy quark limit of
QCD tells us about exotic hadrons containing two quarks.
This is motivated in part by the discovery of the so-called
X, Y and Z mesons and subsequently the P baryons[1, 2]. The
various X, Y, Z and P resonances from their masses and de-
cays generically “look like” some form of state with cc¯ pair
plus light quark content. While strictly speaking none of
these have exotic quantum numbers, in the realm of hadronic
physics, QCD dynamics suppresses the creation and annihi-
lation of heavy quark pairs[4]. Indeed, this is a prerequisite
for the viability of NRQCD[5]. Thus to good approximation
one can think of QCD dynamics inside of hadrons as preserv-
ing the number of charm quarks and charm antiquarks sep-
arately and in that sense a number of these states have ex-
otic quantum numbers. It is worth recalling that while there
is strong evidence for strong-interaction stable non-exotic
doubly-charmed baryons[6], as of now there are no known
doubly-charmed or doubly-bottomed tetraquarks. However, it
is also worth noting that this does not mean that these states do
not exist in QCD: it could indicate that they are very difficult
to make in typical laboratory experiments.
In this paper, it is shown in a model-independent way that
1 For example, in the large number of colors (Nc) limit, hadronic resonance
with the quantum numbers of hybrid mesons such as JPC = 1−+ must
exist[3]; their widths can be shown to scale with Nc as 1/Nc . This indi-
cates that these hadrons are narrow at large Nc and, thus, clearly identifi-
able as distinct resonances.
2• Exotic tetraquarks of the QQ type must exist as narrow
resonances in the formal heavy quark limit in at least
some spin-flavor channels.
• For sufficiently heavy quarks, multiple narrow exotic
hadrons will exist with fixed quantum numbers. As the
heavy quark masses increase the number of such states
grows without bound.
• In channels with exotic hadrons, exotics exist that are
below, but parametrically close, to the threshold for de-
caying into two non-exotic hadrons each of which con-
tains a heavy quark.
The analysis leading to this conclusion depends on
an intricate interplay of various semi-classical and Born-
Oppenheimer-type approximations. However, the underly-
ing physical idea is straightforward: As mQ → ∞, a scale
separation develops between the slow scales associated with
the motion of the heavy quarks and the motion at charac-
teristic hadronic scales. This forces a decoupling between a
tetraquark state and processes at the the hadronic scale, in-
cluding the pion emissions that lead to tetraquarks’ width.
For simplicity the analysis done here will assume that the
light quarks in the state are either up or down (rather than
strange) and that isospin is an exact symmetry. However, these
assumptions can be relaxedwith no fundamental change in the
argument. Only strong interaction effects will be considered
in this work: electro-weak interactions will be excluded and
thus decays of heavy quarks into lighter ones will be ignored.
One subject that has received considerable attention is
the extent to which various X, Y and Z states are “really”
tetraquarks as opposed to di-meson “molecules” [1, 7]. The
perspective of this paper is that the question of whether a state
has a “molecular” or “tetraquark” character is largely an is-
sue of what type of description is appropriate in the context of
models. Since our intention is to learn something from QCD
in a model-independent way , all of these hadrons will be re-
ferred in this work as “tetraquarks”, without prejudice; all of
them contain (at least) two quarks and two antiquarks.
There are two significant differences between tetraquarks
containing QQ and those with QQ¯. One is the possible an-
nihilation of the QQ¯ pair; the second is the possibility of
a rearrangement in which the QQ¯ can form a color-singlet
quarkonium state leaving behind an ordinary meson. While
the annihilation of QQ¯ pairs is suppressed in the heavy quark
regime, the second issue is potentially serious. The formalism
developed in this work for QQ tetraquarks does not account
for possible rearrangement effects in QQ¯ tetraquarks. It is
plausible that the formalism developed here could be modi-
fied to account for rearrangement and the conclusions drawn
here might also apply to these cases.
There are well-established and compelling arguments[8–
10] for the existence of exotic q¯q¯′QQ tetraquarks (where q and
q′ are light quarks with possibly distinct flavors). This paper
borrows from one of these arguments[9]. The key theoretical
issue addressed in this paper goes well beyond what can be
addressed directly using the analysis of [9]. In particular, in
that work the tetraquark is treated as a non-relativistic bound-
state of two heavy mesons, and the long distance potential
in the Schro¨dinger equation is given by one-pion-exchange.
This set up is clearly sensible when the bound state is stable
under strong interactions; below the pion-emission threshold
such systems can be modeled as a two-body system. However
such a description becomes problematic for near-threshold
tetraquarks as the heavy quark limit is approached since these
state can be shown to be unstable against the emission of pi-
ons. The major theoretical advance in this work is the devel-
opment of a consistent framework to treat such states to lead-
ing order in a 1/mQ expansion. The key result is that width
of these states is suppressed in a systematic asmQ →∞.
A word about scales: we are interested in how observables
vary with the heavy quark mass and typically express this
in terms of a dimensionless ratio with a generic non-heavy
hadronic scale denoted as Λ. To render various expressions
dimensionful we use explicit factors of Λ, which are taken to
be an arbitrary but fixed value at the hadronic scale. Part of the
analysis involves long-ranged forces characterized by a length
scale of 1/mπ and the dimensionless ratio ofmπ/mQ also en-
ters the problem. In the light quark sector one often considers
there to be a scale separation betweenmπ and Λ; such a sepa-
ration is the basis for chiral perturbation theory[11]. Here we
are interested in asymptotic scaling as the heavy quark mass
grows and it is convenient to considermπ to be of order Λ but
simply numerically small.
In this paper, we use mQ to represent the mass of heavy
quark, and MQ to represent the mass of a meson containing
one heavy quark. Note that, the difference between mQ and
MQ is of relative order Λ/mQ, which is suppressed by mQ
and is neglected in our leading-order analysis.
The basic approach depends on the fact that the distance
between the heavy quarks changes slowly in the heavy quark
limit; thus, for a certain range of kinematic variables, QCD for
states with two heavy quarks becomes an effective two-body
quantum mechanical system with this distance as the degree
of freedom. At very short distance, the color coulomb interac-
tion between the heavy quarks will dominate the effective in-
teraction; at intermediate distance, the form of the interactions
is complicated. This paper largely focuses on long distances.
At large distance between the heavy quarks, the lowest lying
states of QCD in the heavy quark limit will, with arbitrarily
good accuracy, be described by two heavy mesons. At the
longest distances, the interaction between these heavy mesons
will be described with arbitrarily good accuracy via one-pion
exchange. Thus the QCD dynamics of these states at long dis-
tances, is well described as one-pion-exchange between two
heavy mesons.
Our analysis connects QCD dynamics with hadronic dy-
namics when the separation between the heavy quarks is large,
but the analysis is in fact model-independent. In particular, at
no point does it rely on the constituent quark model. This is
important since intuition based on a constituent quark model
can be misleading when the heavy quarks are separated by a
large distance.
This paper begins with a brief review of the known salient
features of tetraquarks containing a QQ pair. The next sec-
tion focuses on an analysis that shows in a simple treatment
based on the Schro¨dinger equation as the heavy quark mass
3increases, multiple exotic states exist as bound states for each
channel containing exotics and that most of these states are
unstable against strong interactions. Following this, is the
principal theoretical development of the paper: it will be
shown that the full QCD Hamiltonian in the sector with exotic
quantum numbers can be decomposed to a piece described
via the Schro¨dinger equation and a remainder, and that the
effect of the remainder is to convert the exotic bound states
of the Schro¨dinger equation into narrow resonances. Next
there is a brief section demonstrating that some of these nar-
row resonances are close to the threshold for breaking up into
two heavy mesons. Following this is a discussion section
that summarizes the result and explores the challenges posed
by rearrangement effects and possible phenomenological im-
plications of the results for tetraquarks containing charm-
anticharm pairs.
II. ON THE EXISTENCE OF TETRAQUARKS WITH TWO
HEAVY QUARKS
There have been two distinct arguments for the existence of
strong-interaction stable q¯q¯′QQ tetraquarks. However, we are
interested in the near threshold states, which are not treated in
the previous literature. Before stating our arguments, let us at
first review the previous related works. The first is based on
the attractive Coulomb potential between two heavy quarks
in a 3¯ color configuration[8, 9]. In the extreme heavy quark
limit, this will lead to a deeply bound diquark configuration,
with a binding energy of orderα2smQ, and a characteristic size
of order (mQαs)
−1 where αs is taken at the scale of the in-
verse size. In the extreme heavy quark limit, there will exist
a tightly bound diquark of small size in the 3¯ color configura-
tion. Because it is heavy, tightly bound and small it will act as
a nearly point-like source of a color Coulomb field. A single
heavy antiquark in the mQ → ∞ limit and viewed from the
rest frame of the hadron also acts as a static source of a color
Coulomb field in the 3¯ representation (its spin becomes irrele-
vant asmQ →∞ and the quark’s recoil is suppressed). Thus,
the tightly bound diquark dynamically acts in the same way
as a heavy antiquark. A recent lattice simulation also supports
this theoretical prediction[12].
This doubly-heavy-diquark-antiquark (DHDA) duality
means that so long as the system is well below the excita-
tion energy of the heavy diquark—formally of order α2smQ
and thus well above Λ—every hadronic state in the system
with two heavy quarks has an analog state for the system with
a heavy antiquark (strictly speaking with a set of states with
nearly degeneratemasses which differ by the spin of the heavy
antiquark). The DHDA duality implies that since antibaryons
containing heavy antiquarks exist as strong-interaction stable
states in QCD, then so too will q¯q¯′QQ tetraquarks, at least in
the extreme heavy quark limit.
In practice, the charm mass is significantly too small for
the DHDA duality to apply; the bottom mass is at best quite
marginal[8, 9]. However, on a theoretical level the argument
remains valid for the case of extreme masses. Unfortunately,
this argument provides little insight into near threshold states.
There is another argument[8, 9] that also requires strong-
interaction stable q¯q¯′QQ tetraquarks. The argument treats
strong-interaction stable tetraquarks of the q¯q¯′QQ type as a
bound state problem of two interacting heavy mesons, each
one containing a heavy quarkQ. At first blush, this may seem
as though it is valid only if the “molecule” picture is correct.
In fact, however, it holds regardless of the underlying structure
of the tetraquark state. If the processes under consideration re-
stricts the motion so that no additional light particles are cre-
ated in the dynamics and also ensure that the heavymesons re-
main distinct, that they move non-relativistically and that they
remain at large distances from each other, then the system can
be described accurately by a Schro¨dinger equation.
Consider what happens in general to a system containing
two subsystems whose relative dynamics is describable by
Schro¨dinger equation if some parameter of the problem, λ, is
adjustable and this allow for the mass of the two subsystems
to increase (to arbitrarily large size) while only weakly affect-
ing the potential. For simplicity, let us first focus on an s-wave
channel without mixing with purely non-relativistic kinemat-
ics. The time-independent Schro¨dinger equation for the nth
bound state, given in terms of the radial coordinate is then
given by(
− 1
2µ(λ)
∂2
dr2
+ V (r;λ)
)
un(r;λ) = En(λ)u(r;λ) (1)
where µ ≡ m1m2/(m1 +m2) is the reduced mass, λ depen-
dence of all quantities is made explicit, u is normalized so that∫
dr|u(r)|2 = 1 and the potential goes to zero at infinity. It
should be clear that increasing µ plays the same role in deter-
mining the existence of normalizable eigenstates as increasing
V , since only the product µV matters. Thus, if V is attractive
then at large enough µ, the system will have bound states.
More formally, suppose that the potential remains finite
and well-defined in the large λ limit while the reduced mass
asymptotes to a linear dependence:
lim
λ→∞
V (r;λ) = V0(r) , lim
λ→∞
µ(λ)
λ
= µ˜ (2)
and moreover there is with at least some region in r for which
the V0(r) < 0 (i.e. the potential has an attractive region).
In this situation, it is trivial to show via a variational argu-
ment that at sufficiently large λ bound states must exist. 2 An
2 It is always possible to construct a class of λ-dependent nor-
malized trial wave functions utrial(x, λ) with the properties that
limλ→∞ |utrial(r, λ)|
2 = δ(r − r0) and limλ→∞
|u′trial(r,λ)|
2
λ
= 0,
from which it follows that
lim
λ→∞
〈utrial|H|utrial〉 = V (r0) < 0 .
Since the energy of the true ground state of the system needs to be below
that of the trial wave function, it follows that the ground state has negative
energy–i.e. that a bound state exists, provided that there is not an additional
open channel with lower energy than the variational state.
A key point is that the description in terms of a simple one-degree of
freedom Schro¨dinger equation need not be valid for the entire Hilbert
4analogous argument holds for any partial wave and to systems
with mixing of degrees of freedom (such as spin and orbital,
or distinct flavors) and to systems with relativistic kinematics.
The previous argument should hold for q¯q¯′QQ tetraquarks,
since the lowest threshold for fixed quantum numbers will be
for breaking into two heavy hadrons. The long distance part
of the strong-interaction potential in the heavy quark limit is
well known. It is given by one-pion exchange. The precise
form that the long-distance potential takes depends on heavy
quark symmetry, in particular the fact the spin of the light de-
couples from the dynamics at large heavy quark mass. Heavy-
hadron chiral perturbation theory (HHχPT) [13] gives the cor-
rect form[9]. However, the form depends only he fact that the
pion is the lightest hadron and does not depend on the validity
of chiral perturbation theory.
Recall that the pseudoscalar and vector heavy mesons form
a multiplet that becomes degenerate in the heavy quark limit;
the spin of the heavy quark becomes irrelevant in each meson.
We denote these two generically asH andH∗ and assume that
the system is sufficiently close to the heavy quark limit forH
and H∗ to be treated as degenerate. It is clear that because
the pion is a pseudoscalar, it couples to an angular momentum
and because the spin of heavy quark is irrelevant it couples to
the internal angular moment of the light degrees of freedom
in the heavy meson.
Since the heavy quark spin, ~SQ decouples from the dynam-
ics it is useful to decompose the total angular momentum in
the rest frame, i.e. the tetraquark spin , ~S as
~S = ~SQ + ~J with ~J = ~L+ ~Sl (3)
where ~Sl is the total spin of the light degrees of freedom and
~L is the orbital angular momentum. ~J and ~SQ are separately
conserved. Many possible spin-isospin channels exist for this
system and the one-pion exchange potential depends on the
channel; the allowable channels are constrained by Bose sym-
metry between the two heavy mesons. We fix the J , I and
parity quantum numbers for the analysis and can subsequently
couple these with ~SQ to obtain the allowed physical states.
Our initial focus is on states with J = 0 and positive parity.
Such states automatically have Sl = 0 and spatial states with
L = 0 3. This channel is particularly simple to analyze as the
long-range potential is central and does not mix orbital partial
waves. For Sl = 0 states one-pion exchange is given by a
simple Yukawa potential:
V˜long(r) = −
(
I(I + 1)− 3
4
)
g2m2π
πf2π
e−mπr
r
(4)
space, provided that one can choose a trial wave-function with negative
expectation value of energy in the domain where the description is valid.
Then the ground state of the system must have negative energy, even if it is
outside the domain of validity of the Schro¨dinger dynamics.
3 Note that, the total spin of the light degrees of freedom has been chosen to
be 0, but this is only part of the spin of the tetraquark. The allowable spin
of the heavy quarks has decoupled from the dynamics, and can always be
chosen to be in any configuration consistent with the Pauli principle. This
may affect the possible spins of the final tetraquark state.
where I is the total isospin of the state, g is the coupling con-
stant for H − H∗ − π coupling (evaluated at q = 0) and
fπ ≈ 93 MeV is the pion decay constant; the quantities g,
fπ andmπ are all understood to be at their heavy-quark limit.
An obvious and significant point is that for states with I = 1
the potential is negative, thereby ensuring the existence of a
tetraquark in the mQ → ∞ limit. Moreover, I = 1 ensures
that the system has exotic quantum numbers. Note that the es-
sential role played by the one-pion exchange potential in this
argument was to ensure a long-distance attractive channel.
This is sufficient to demonstrate that tetraquarks of the
q¯q¯′QQ exist as bound states in the heavy quark limit; this
argument holds independent of the argument based on the
DHDA duality and independently of whether the “molecule”
picture is correct. 4 One might be concerned about the form
the potential, since strictly speaking, the argument as given
only applies to the particular quantum numbers (I = 1, J = 0,
positive parity), however analogous arguments exist for any
channel that is attractive at long distance, which is our main
focus.
The argument does not go through for the case of
tetraquarks with QQ content. The argument that there are
states with negative energy relative to the two heavy meson
threshold remains valid. However there are states below that
threshold that do not correspond to tetraquarks, for example
non-resonant states of a pion plus a J/ψ. Of course, if there
is a dynamical reason this open channel is weakly coupled
to the dynamics under consideration it is plausible that argu-
ments analogous to the ones here might imply narrow resonant
states.
III. ON THE EXISTENCE OF MULTIPLE TETRAQUARKS
WITH FIXED QUANTUM NUMBERS
Having reviewed related work, we will begin a discussion
with a toy problem, a two body Schro¨dinger equation. We do
this because, as noted briefly in the introduction, in the heavy
quark limit, states of QCD, containing two heavy quarks, are
arbitrarily well-described at large quark separations, by two
heavy mesons interacting via potential. Moreover it is known
to be a Yukawa type potential at large separations.
In this section, it is shown that a Schro¨dinger equation with
a potential whose long-range part is given in Eq. (4) supports
a large number of distinct bound states with fixed quantum
numbers in the heavy quark limit. Superficially this seems to
imply that at very large heavy quark masses there are para-
metrically many distinct exotic hadrons containing two heavy
quarks. This turns out to be correct, but the analysis is some-
what subtle: most of these states do not exist as bound states
4 If one were ignorant about whether a deeply bound doubly heavy tetraquark
existed, there are two possibilities: deeply bound tetraquarks exist and de-
cays of weakly-bound tetraquarks into one via pion emission are possible.
This could invalidate the potential-based analysis above—but requires a
tetraquark to exist. If deeply bound states did not exist, then the potential
based argument is valid and it predicts that a bound tetraquark must exist
in the heavy quark limit. In either case, a tetraquark exists.
5describable in terms of a two-body Schro¨dinger equation but
as narrow resonances in a description with more asymptotic
degrees of freedom. Never-the-less a Schro¨dinger equation
description is a good starting point. This issue will be ad-
dressed in the following section.
A. Description based on the two-body Schro¨dinger equation
A semi-classical analysis explains why the Schro¨dinger
equation description implies a large number of bound states
at large heavy quark mass. Such an analysis is far simpler
in contexts where there is only a single dynamical degree
of freedom. For this reason we start with a description of
I = 1, J = 0, positive parity states; these do not involve cou-
pled channels. States with other quantum numbers involve a
slightly more complicated analysis (addressed in the next sub-
section) but the conclusions are qualitatively the same.
For systems with a single dynamical degree of freedom,
standard semi-classical analysis implies that the number of
bound states between energy E0 and E0 + ∆E is well-
approximated by
N(E0,∆E) ≈
∫ E0+∆E
E0
dE
∫
dp dq δ(E −H(p, q))
2π
=
∫
dp dqΘ(E0 +∆E −H(p, q))Θ(H(p, q)− E0)
2π
(5)
where H is the classical Hamiltonian and Θ is a Heaviside
step function. The approximation becomes increasingly accu-
rate as N(E0,∆E) becomes large. Suppose that the Hamil-
tonian is of the form H = p
2
2µ + V (q) where µ is the reduced
mass and V (q) is independent of µ. It is trivial to see that
phase space area between E0 and E0 + ∆E is directly pro-
portional to
√
µ and accordingly so is N(E0,∆E).
Let us first apply this to any arbitrary Hamiltonian for an
L = 0 channel with a single degree of freedom whose the
long-range potential is given in Eq. (4) and whose kinetic is
given by p2/(2µ). Denote N long(E0,∆E), as the contribu-
tion to integral in Eq. (5) coming from values of r that are
well described by the long-distance potential. Provided that
as N long(E0,∆E) ≫ 1 in some energy range, the system is
in the semi-classical domain. If we identify this problem with
the physics problem of interest (the long distance potential as-
sociated with the I = 1, J = 0, positive parity tetraquark
channel), µ = MQ/2. Thus, as MQ → ∞, N long(E0,∆E)
diverges as
√
MQ; at large MQ, the total number of bound
doubly heavy tetraquark states in any energy grows as
√
MQ:
at largeMQ, there a large number of tetraquarks.
5
5 In a simple quark model type of approach[14], it has been argued that on
the basis of a chromomagntic interaction, the most attractive channel is
I = 0. However, our purpose in this analysis is not to find the most bound
tetraquark, bu rather to study states with exotic quantum numbershence
our focus on the exotic I = 1 channel. As noted in Sec.II, in the heavy
quark limit, the existence of any attractive region for a given set of quantum
The total number of bound doubly heavy pentaquark states,
ntot is then bounded by
ntot ≥ nB ≡ N long(−B,B) ≥
∫ ∞
rB
dr
√
−MQV˜long(r)
π
.
(6)
N long is the total number of semi-classical bound states with
energy less than V˜long(rB), where rB is sufficiently large so
that V˜long(rB) closely approximates the potential; rB is de-
fined implicitly through V˜long(rB) = −B, and nB is the num-
ber of bound states with binding energy less than B. The sec-
ond inequality in Eq. (6) comes from evaluating the integral
only over the region greater than rB rather than the entire long
distance region. Finally, using the explicit form for V˜long, it is
straightforward to prove that at sufficiently large µ
nB >
√
MQB
2
√
2mπ
∼
√
MQB
Λ
. (7)
where we take mπ to be of order of a characteristic hadronic
scale. The analysis is valid provided that nB ≫ 1. IfB is held
fixed, nB the number of bound states with binding energy less
than B, grows withMQ at least as fast as
√
MQ.
Unfortunately this analysis based on a Schro¨dinger equa-
tion need not imply QCD in the heavy quark limit also has
numerous bound tetraquark states. QCD allows for the the
emission of mesons which is beyond the regime of validity
of the potential model description. However, as will be dis-
cussed in Sect. IV, a remnant of these would-be bound states
survive in the heavy mass limit of QCD but as narrow reso-
nances rather than bound states.
B. Other quantum numbers
The argument of the previous subsection can be general-
ized to attractive channels with quantum numbers in which the
tensor force in the one-pion-exchange mixes the L quantum
number; this leads to a coupled-channel problem. Fortunately,
the kinematics of the problem allows one to choose a basis in
which the channels decouple up to corrections that vanish in
the heavy quark mass limit–reducing the problem to an effec-
tive single degree of freedom. The argument is in the spirit of
the Born-Oppenheimer approximation[15], which been used
extensively in the context of heavy quark exotic states such as
heavy-quark hybrids[16–18].)
In the heavy quark limit, the two mesons move slowly. The
potential that couples the various channels is a matrix (which
numbers implies a tetraquark state. Recall that, our principal interest is for
the long distance region for which the Yukawa interaction ensures that there
exists an attractive I = 1 channel. For our purpose, this is sufficient. In
any case, in this region the chromomagnetic interaction is negligible; it is a
short distance effect. Whether or not the short distance potential for I=1 is
the most favorable energetically is not relevant given that the long distance
potential is attractive.
6depends on the separation between the mesons, r), with diag-
onal terms within a channel and off-diagonal terms for cross-
channel coupling. For fixed r the potential matrix can be di-
agonalized; the eigenvalues give the value of the potential for
the “new” channels and the eigenvectors give these new chan-
nels in terms of the old ones. Since the mesons move slowly,
the variation is adiabatic. If the system is the lowest eigenstate
of the potential for one value of r, it will tend to remain in the
lowest eigenvalue for all values of r. This tendency becomes
perfect as MQ → ∞; the system acts like a single channel
with potential given by the lowest eigenvalue.
To make this explicit, consider the general form of the
Schro¨dinger equation for a potential problem with k channels:
(
−
←→
1
2µ
∂2r +
←→
V
)
~ψ = E ~ψ with ~ψ(r) ≡


ψ1(r)
ψ2(r)
...
ψk(r)


and
←→
V (r) ≡


V11(r) V12(r) ... V1k(r)
V21(r) V22(r) ... V2k(r)
...
...
...
...
Vk1(r) Vk2(r) ... Vkk(r)

 ,
(8)
where µ is the reduced mass.
←→
V (r) has a magnitude of order
Λ and varies over a distance of order 1Λ ; while the kinetic term
is controlled by µ ∼MQ.
←→
U (r) diagonalizes
←→
V (r):
←→˜
V (r) ≡ ←→U (r)←→V (r)←→U †(r) is
diagonal. Defining
~˜
ψ(r) ≡ ←→U (r)~ψ(r) yields
(H0 +H1 +H2)
~˜
ψ = E
~˜
ψ with
H0 =
−←→1
2µ
∂2r +
←→˜
V (r) , H1 =
1
µ
←→
U ′(r)
←→
U †(r)∂r
and H2 = − 1
2µ
←→
U ′′(r)
←→
U †(r) .
(9)
Returning to the tetraquark problem,H0 is diagonal. More-
over, since spatial derivatives of ψ for the semi-classical
bound states are of order
√
MQΛ, nominally H0 ∼ Λ,
H1 ∼
√
Λ3
MQ
and H2 ∼ Λ2MQ . The H0 term dominates at
large MQ; H1 and H2 can be treated as perturbations H1 is
entirely off-diagonal and only contributes to the energy at sec-
ond order. Thus, the leading contributions to the energy from
bothH1 andH2 are of order
Λ2
MQ
.
In the reminder of this paper we will be dropping all effects
of order Λ
2
MQ
. At this order H1 and H2 are negligible. The
diagonal nature ofH0 implies the lowest eigenvalue of
←→
V (r)
acts as a potential for a problem with a single radial degree
of freedom. Once this fact is recognized, one can immedi-
ately exploit the arguments of Subsection III A without fur-
ther work for all quantum numbers with angular momentum
of order unity and attractive interactions at long distances. As
mQ → ∞, there are multiple bound tetraquark states in all
attractive channels.
In the case of a purely s-wave interactions, there is no long-
range repulsion due to a centrifugal barrier. For L 6= 0 this
is not the case. Since the analysis involves the nature of the
long-distance interaction, this might seem problematic. How-
ever, provided that J is of order unity (i.e. L ∼
(
MQ
Λ
)0
) ,
then the orbital angular momentum, L, will be as well and the
centrifugal term is negligible.
IV. A MORE COMPLETE DESCRIPTION
The DHDA duality argument of Sect. II implies the exis-
tence of tetraquarks, with a binding of order α2smQ relative
to the threshold for dissociation into two heavy mesons—at
least in the extreme heavy quark limit. The energy of these
states are below that of the putative tetraquarks discussed in
the previous subsection (which generically have binding of
order Λ) by more than mπ. Moreover there is no symmetry
that prevents a decay of such tetraquark states via the emission
of one or more pions. Given the totalitarian principle[19] of
particle physics—that which is not forbidden is mandatory—
weakly bound tetraquark states will decay via pion emission.
An analysis that does not this is incomplete.
While the potential-based argument is incomplete for
bound tetraquarks states of order Λ below threshold, the ar-
gument may still be valid basis for describing long-lived but
none-the-less unstable tetraquark resonances.
An analogy can be made to the hydrogen spectrum: a
coulomb potential description gives rise to a set of stable dis-
crete levels. However, QED allows for the emission of pho-
tons: none of the excited states are stable. Never-the-less,
the energy levels found in the Schro¨dinger equation with a
coulomb potential provide a very useful description: the states
are sufficiently long lived that their decay rates—the widths—
are much smaller than the energy differences between a state
and a neighboring state. Our goal in this section is to show
from QCD that in the heavy quark limit, the decay rates of
the near-threshold tetraquarks are small compared to the level
spacing; these states exist, but as narrow tetraquark reso-
nances as opposed to bound states.
At early stages in the analysis effects of relative order
Λ/mQ are dropped. Thus, effects with energies of order
Λ2/mQ are neglected. For large mQ, the neglect of such
effects will not generically affect the existence of particular
tetraquarks states including near-threshold states.
For simplicity, the analysis done here will be for the attrac-
tive positive parity I = 1, J = 0 channel considered earlier
that avoids mixing of partial waves. However, as noted on
Subsection III B, channel mixing effects are of relative order
Λ/mQ for other channels and hence can be neglected to the
order at which we are working; and thus the analysis goes over
to all attractive channels without substantial change.
In the analysis we show that generic tetraquark states of
orderΛ below threshold have widths, Γ and level spacing∆E
7that scale withmQ as,
Γ ∼ Λ
2
mQ
, ∆E ∼
√
Λ3
mQ
. (10)
Γ
∆E
∼
√
Λ
mQ
. (11)
Γ
∆E goes to zero as mQ goes to infinity; the resonances are
much narrower than their separation. This is sufficient to es-
tablish that the tetraquarks are parametrically narrow.
It is straightforward to see from standard semiclassical
analysis why ∆E scales as in Eq. (10). Our principal goal
in the remainder of this section is to demonstrate the scal-
ing of Γ in Eq. (10). The demonstration is based on a Born-
Oppenheimer-like[15] separation of the motion of the fast de-
grees of freedom (light quarks, gluons) from the slow motion
of the heavy quarks. In this respect the approach is similar
in spirit to pNRQCD[20]. The characteristic velocity of the
heavy quarks in the state is of order
√
Λ
mQ
corresponding to a
three momentum ∼ √mQΛ while the characteristic momen-
tum scale of the light quarks and gluons in the state is Λ.
Since the states in question are initially described as non-
relativistic bound states, it is natural to use a Hamiltonian de-
scription; for simplicity we will use the non-relativistic con-
vention of quantum states normalized to unity rather than co-
variant normalization. Moreover, it is convenient to work in
a very large but finite rectangular box with periodic boundary
conditions. This ensures that the center of mass momentum
remains a good quantum number, but is quantized to discrete
values allowing normalizable states. By working in the space
of ~Pcm = 0 states, we decouple center of mass motion.
The approach begins with the leading order NRQCD
Lagrangian[21] for the light degrees of freedom coupled to
nonrelativistic heavy quarks. At leading nontrivial order, the
number of heavy quarks is held fixed since pair creation is
suppressed. Since we are interested in the sector with two
heavy quarks (which we will take to be the same species),
we can write an effective Lagrangian containing exactly two
heavy quarks:
L = Q†
(
−iD0 −
~D2
2mQ
)
Q+ Lfast (12)
whereQ is the nonrelativistic heavy quark field,D represents
a covariant derivative and Lfast is the Lagrangian density for
the fast degrees of freedom—the gluons and light quarks. This
is a valid representation of the full theory in the extremely
heavy quark limit. The next step is to choose to work in the
Coulomb gauge [22–24]. The final result will not depend on
the choice of gauge.
One can reexpress the physics in terms of the QCD
Coulomb-gauge Hamiltonian,H . First we introduce a projec-
tion operator Pˆphys which projects states from the full Hilbert
space onto physical states consistent with the gauge condi-
tion and Gauss’s law. Such physical states are, of course,
global color singlets. We define a physical Hamiltonian:
Hˆphys = PˆphysHˆPˆphys which acts in the Hilbert space of
physical states.
Pˆphys is also chosen to project on to a particular class of
physical states: ~Pcm = 0 states with the quantum number
of interest. For simplicity here we will first consider states
containing two identical heavy quarks with I = 1, J = 0 and
positive parity. The physical Hamiltonian for the system with
fixed quantum numbers is Hˆphys = PˆphysHˆPˆphys. The time-
independent physical eigenstates |φ〉 of the system can be cast
in the form
Hˆphys|φ〉 = Eφ|φ〉 (13)
While explicitly constructing and computing with Hˆphys and
its eigenstates is not practical, one does not need to compute
with it explicitly to deduce key scaling properties.
The next step is in the spirit of the Feshbach projection
operators[25, 26]. We start by assuming that there exists a
projection operator that, when acting on the physical Hamil-
tonian, reduces the description of one of nonrelativistic quan-
tum mechanics with a single spatial degree of freedom r (cor-
responding to the separation of the heavy quarks) and a local
potential that depends on r whose long distance behavior is
given in Eq. (4)). (More precisely, it yields such a descrip-
tion up to corrections of relative order Λ/mQ). Let us denote
such a projector as Pˆr; its complement is Qˆr = (1 − Pˆr).
By construction, the space of states onto which Pˆr projects
are tetraquarks with no additional pions. We require that Pˆr
commutes with Pˆphys. In fact, as will be shown later in this
section, such a projection operator exists. For now, let us as-
sume it to be so and follow the consequences.
The full physical Hamiltonian can be broken into two parts:
Hˆphys = Hˆ0 + HˆI with
Hˆ0 ≡ PˆrHˆphysPˆr + QˆrHˆphysQˆr
HI ≡ PˆrHˆphysQˆr + QˆrHˆphysPˆr ;
(14)
we assume that there is a meaningful sense in which Hˆ0 is the
dominant term. We can verify this assumption a posteriori.
By hypothesis Hˆ0 acting on the space of states |φ〉r, be-
haves like a local one-dimensional potential problem in a rel-
ative coordinate with a potential that at long distance is given
in Eq. (4). Let us denote a typical state in the jth state ab-
stractly as
Hˆ0|φj〉r =
(
Ej + 2MQ +O
(
Λ2
MQ
))
|φj〉r (15)
where Ej is defined relative to the threshold for dissociation
into two heavy mesons. It is useful to define our effective two-
bodyHamiltonianwith the constant 2MQ removed Hˆ
2 body
0 ≡
Hˆ0 − 2MQ so that up to corrections of relative order Λ2MQ ,
which will be neglected, Hˆ2 body0 |φj〉r = Ej |φj〉r.
Associated with |φj〉r are position space wave functions
8φn(r) satisfying(−∂2r
MQ
+ V (r)
)
φn(r) = Enφn(r)
with
∫ ∞
0
dr |φn(r)|2 = 1 .
(16)
The (reduced) mass in the kinetic term is MQ/2, half the
heavy meson mass. In fact, the kinetic term associated with
the heavy quark mass has an mQ rather thanMQ but the dif-
ference in usingMQ rather thanmQ is relativeO(Λ/mQ) and
can be neglected. This Schro¨dinger-like equation implies that
the semi-classical analysis from subsection IIIA applies: the
spectrum of Hˆ0 acting in the space |φ〉r contains many bound
states (with the number scaling withmQ as
√
mQ/Λ).
The width, Γ, quantifies the extent to which Hˆ2 body0 acts
dominantly to describe the states. From Fermi’s Golden rule,
Γ is given by
Γj = 2r〈φj |HˆIGˆ(Ej)HˆI |φj〉r ,
with Gˆ(E) ≡ lim
ǫ→0+
Im
(
1
E − Hˆ2 body0 + iǫ
)
.
(17)
whereHI was defined in Eq. (14).
To proceed we need to construct the projection operator,
Pˆr. The variable r, associated with the separation of the heavy
quarks, is a physical quantity and can be expressed in terms
of a gauge-invariant operator acting in the relevant space of
states. Consider the gauge invariant operator, Rˆ defined by
Rˆ ≡
∫
d3xd3y |y| Qˆ†(~x)Qˆ†(~x+ ~y)Qˆ(~x+ ~y)Qˆ(~x)
2
. (18)
Rˆ measures the distance between the heavy quarks. Eigen-
state of Rˆ has a fixed value of separation r.
The eigenstates of Rˆ are highly degenerate; Rˆ tells us only
about the relative positions of the heavy quarks but nothing
about the fast degrees of freedom. A typical eigenstate of Rˆ in
our space is denoted |r, ψfast〉 with Rˆ|r, ψfast〉 = r|r, ψfast〉;
ψfast represents the state of the fast degrees of freedom.
If the projector Pˆr exists, then eigenstates of Rˆ in the pro-
jected space are unique. One can decompose Pˆr as
Pˆr =
∫ ∞
0
dr |r, ψoptfast(r)〉〈r, ψoptfast(r)| with
Rˆ|r, ψoptfast(r)〉 = r|r, ψoptfast(r)〉
〈r′, ψoptfast(r)|r, ψoptfast(r)〉 = δ(r − r′)
(19)
where last equation fixes the normalization; the label “opt”
indicates the optimal state among eigenstates of Rˆ. The r de-
pendence in ψoptfast(r) makes explicit that the optimal choice
depends on r. Determining the optimal state for each r com-
pletely fixes the projection operator.
Energetic considerations can be used to determine ψoptfast(r),
in the spirit of the Born-Oppenheimer approximation. De-
fine a potential operator by subtracting the gauge invari-
ant heavy quark kinetic energy from the leading-order
NRQCD Hamiltonian: Vˆ ≡ Hˆ − Tˆ heavy where Tˆ heavy ≡∫
d3xQ†(~x)
(
− ~D22mQ
)
Q(~x). Because Vˆ excludes the only
term in Hˆ that contains derivatives with respect to the posi-
tions of the heavy quarks, Vˆ commutes with Rˆ.
Consider states |r, ψfast(r)〉 that are eigenstates of Rˆ in the
physical subspace of the theory. Matrix elements of Vˆ defines
a potential function of r that depends on ψfast:
Vψfast(r)δ(r − r′) = 〈r′, ψfast|Vˆ |r, ψfast〉 (20)
|r, ψoptfast(r)〉, the optimal choice for |r, ψfast〉 minimizes
Vψfast(r). The phase of |r, ψoptfast(r)〉 is arbitrary; for simplicity
we take the phase to be real. AsmQ →∞, the motion in the r
variable will be slow; the system will be adiabatic and remain
in ψoptfast(r), the ground state of the fast degrees of freedom.
The characteristic momenta for the heavy quarks scales as√
mQΛ while the gauge fields and light quarks have a charac-
teristic scale Λ. Thus matrix elements of the gauge invariant
kinetic energy Tˆ heavy =
∫
d3xQ†(~x)
(
− ~D22µ
)
Q(~x) are
〈r′, ψoptfast(r′)|Tˆ heavy(~x)|r, ψoptfast(r)〉
= 〈r′, ψoptfast(r′)| −
∂2r
MQ
|r, ψoptfast(r)〉 +O
(
Λ2
mQ
)
= − ∂
2
r
MQ
δ(r − r′) +O
(
Λ2
mQ
) (21)
where again we useMQ in place ofmQ in the denominator.
There is a subtlety associated with Eq. (21): Differentiation
of |r, ψoptfast(r)〉 with respect to r acts implicitly on ψoptfast(r) as
well as explicitly on r. To clarify this issue, write |r, ψoptfast(r)〉
as a tensor product |r, ψoptfast〉 = |r〉 ⊗ |ψoptfast(r)〉 so that
∂2r |r, ψoptfast(r)〉 =
(
∂2r |r〉
) ⊗ |ψoptfast(r)〉+
2 (∂r|r〉) ⊗
(
∂r|ψoptfast(r)〉
)
+ |r〉 ⊗ (∂2r |ψoptfast(r)〉) . (22)
The first term in Eq. (22) yields the
∂2r
MQ
term in the
Schro¨dinger equation in Eq. (16). The contribution of
the second term in Eq. (22) to 〈r′, ψoptfast(r′)| ∂
2
r
MQ
|r, ψoptfast(r)〉
is strictly zero: |ψoptfast(r)〉 is real and normalized so that
〈ψoptfast(r)|∂r |ψoptfast(r)〉 = 0. Since the fast degrees of free-
dom vary over scales of order Λ, the contribution of the third
term in Eq. (22) to 〈r′, ψoptfast(r′)| ∂
2
r
MQ
|r, ψoptfast(r)〉 is O
(
Λ2
mQ
)
;
it is formally negligible asmQ →∞.
A generic state in the subspace r can be written as
|φ〉r =
∫ ∞
0
dr φ(r)|r, ψoptfast(r)〉 ; (23)
eigenstates of Hˆ2 body0 have this form with φ(r) satisfying(−∂2r
MQ
+ V (r) +O
(
Λ2
mQ
))
φj(r) = Ejφj(r) , (24)
a Schro¨dinger equation form anticipated in Eq. (16). V (r)
corresponds to V˜ (r) from Sect. II.
9With these tools established, consider the scaling of the
width, Γ. From Eq. (17), it is clear that the width of an eigen-
state of Hˆcm0 , j, with binding energyBj is given by
Γj =
∫
dr1dr2 φ
∗
j (r1)F (r1, r2;−Bj)φj(r2) with (25)
F (r1, r2;E) ≡ 〈r1, ψoptfast(r1)|HˆIGˆ(E)HˆI |r2, ψoptfast(r2)〉
where HI is defined in Eq. (14) and Gˆ in Eq. (17). From the
previous analysis, it is clear that
HˆI |r, ψoptfast(r)〉 =
(
Tˆ heavy +
(
∂2r
MQ
))
|r, ψoptfast(r)〉
=
1
MQ
(∂r|r〉) ⊗
(
∂r|ψoptfast(r)〉
)
,
(26)
up to corrections of order
(
Λ2
mQ
)
. Introducing X = (r1 +
r2)/2, x = r1 − r2 and integrating by parts yields
Γj =
1
m2Q
∫ Xm(B)
0
dX
∫ X
2
−X
2
dxφ′j(X − x/2)∗K(X, x;−B)φ′j(X + x/2)×
(
1 +O
(
Λ
mQ
))
, V (Xm(B)) = −(B +mπ)
K(X, x;−B) ≡ (〈X − x/2| ⊗ ∂X〈ψoptfast(X − x/2)|) Gˆ(E) (|X + x/2〉 ⊗ ∂X |ψoptfast(X + x/2)〉〉) (27)
where the prime indicates differentiation. Xm(B), the upper
bound of theX integral is defined implicitly via V (xm(B)) =
−(B +mπ).6 Note that Xm(B) is of order Λ−1 even if B is
arbitrarily small..
The scaling behavior of K(X, x;E) can be deduced from
general considerations:
K(X, x;E) =
√
mQΛ3 κ
(
XΛ, x
√
mQΛ,
E
Λ
)
; (28)
κ is a dimensionless function of dimensionless variables.7
The scaling of Γj depends on the scaling of φj(r).
The system is semiclassical and the classically allowed re-
gion away from the turning points—the region of dominant
contributions—φj(r) is well approximated as
φj(r)
N =
Λ
3
4 sin (δj(r))
(Ej − V (r)) 14
, δj(r)≡
∫ r
0
dr′
√
MQ(Ej − V (r′))
N =
(
Λ
3
2
2
∫ rB
0
dr′√
Ej − V (r′)
)− 1
2
(29)
where V (rB) = −B, N is a dimensionless normalization
constant, rB is the turning point.
V (r) can be written in terms of a dimensionless function,
v: V (r) ≡ Λv(Λr). Thus, for a generic tetraquark stateO(Λ)
below threshold,N is independent ofmQ and
δj(r) =
√
mQ
Λ
δ˜j(rΛ) (30)
where δ˜ is dimensionless. Up to corrections of order
(
Λ
mQ
) 1
2
,
6 This follows from the a decomposition of Gˆ(E) in terms of continuum
eigenstates of Hˆ0 that are outside the space r; it is only nonzero for states
with energies that overlap E. These eigenstates are necessarily a tetraquark
plus one or more mesons. The energies of such states are always of greater
energy than the energy of the tetraquark state plus mass of the pion. Thus,
the only contributions come from states for which the tetraquark has an
energy of less than E −mpi . On the other hand, the tetraquark itself can
be described via a semi-classical wave function and is exponentially sup-
pressed when V (r) +mpi > E as it is classically forbidden.
7 K(X,x;E) characterizes the response of the fast degrees of freedom for
given values of the r; hence the dependence on E, goes as E/Λ. In the
absence of the heavy quark kinetic energy in the denominator of Gˆ(E),
the dependence on x would be a δ-function. The kinetic energy spreads
it out; but since it has two spatial derivatives and one factor of mQ, the
dependence must scale as x
√
mQΛ. The dependence on X and overall
factor of
√
mQΛ3 is obtained by requiring the integration K with respect
to x be independent ofmQ.
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φ′j(X ±
x
2
) = −N (Λ3m2Q(Ej − Λv(ΛX))) 14 cos
(√
mQ
Λ
δ˜j
(
(X ± x
2
)Λ
))
(31)
since at largeMQ the derivative of φ
′
j is dominated by the derivative acting on the rapidly varying sine term and, from Eq. (28),
x has characteristic values of O
(√
1
mQΛ
)
. Inserting φ′ into Eqs. (27) and (28), yields
Γj =
|N |2Λ 32
mQ
∫ Xm(B)
0
dX (Ej − Λv(ΛX)))
1
2 kj(X,B)×
(
1 +O
(
Λ
mQ
))
(32)
kj(X,B) ≡
√
mQΛ3
∫ X
2
−X
2
dxκ
(
XΛ, x
√
mQΛ,−B
Λ
)
cos
(√
mQ
Λ
δ˜j
(
(X − x
2
)Λ
))
cos
(√
mQ
Λ
δ˜j
(
(X +
x
2
)Λ
))
The magnitude of the cosines in the integral defining
kj(X,B) are bounded by unity. This implies that kj(X,B)
is of order unity or less in a Λ/mQ expansion, which in turn
implies Γj ∼ Λ2mQ given that N is order unity; the scaling
of Eq. (10) is established. We have thus demonstrated in a
model-independent way the principal result of this paper: for
sufficiently large heavy quarks masses, there exist parametri-
cally narrow unstable tetraquarks.
This argument was explicitly constructed for states with
I = 1, J = 0 and positive parity. However, the logic of
Subsect. III B applies here as well and thus the analysis holds
in any attractive channel.
V. NEAR THRESHOLD TETRAQUARKS
The analysis in Sects. III and IV was for tetraquarks that
were generically of order Λ below the the threshold for sep-
aration into two heavy mesons. With minor modifications
it can be extend to near-threshold tetraquarks: those below
the threshold by a binding energy, B, that goes to zero as
MQ →∞. In particular we focus on states with
B .
Λ2−ǫ
M1−ǫQ
for any ǫwith 0 < ǫ < 1 . (33)
and show that such states must exist as narrow resonances.
This requires of two things: i) a demonstration that the semi-
classical analysis of the Schro¨dinger equation remains valid in
this regime showing parametrically near threshold tetraquarks
exist in this description and ii) a demonstration that the such
states remain narrow.
In the semi-classical analysis of Sect. III the number of
bound states was scaled with
√
mQ/Λ if B is fixed asmQ →
∞. Suppose instead it is chosen to decrease withmQ ensuring
that the states remain parametrically close to threshold:
B = b2 2π2
m2−ǫπ
m1−ǫQ
∼ Λ
2−ǫ
m1−ǫQ
(34)
where b is a dimensionless numerical constant of order unity
and 0 < ǫ ≤ 1. Then, Eq. (7) yields nb > b (MQ/mπ)ǫ/2.
In the limit of large MQ this implies that there are a large
number of states satisfying Eq. (34); i.e. a large number of
near threshold states. If MQ is sufficient large and 0 < ǫ,
nb ≫ 1 ensuring the validity of Eq. (7). The precise number
of states identified as being “near threshold” depends on the
arbitrary choice of b and ǫ, but at large MQ there are many
such states.
The semi-classical parts of the analysis in Sect. IV are
altered for near threshold tetraquarks. The principal differ-
ences are the semiclassical density of states is higher than the
generic case so that the tetraquark level spacing scales as
∆E ∼ Λ
2− ǫ
2
m
1− ǫ
2
Q
(35)
and the integrals over wave functions are dominated by the
region near the turning point. Taking this into account gives
|N |2 ∼
(
Λ
mQ
) 1
2
− ǫ
2
so that Γ ∼ |N |2Λ2mQ ∼ Λ
5
2
−
ǫ
2
m
3
2
−
ǫ
2
Q
. Note
that just as in the generic case Γ∆E ∼
√
Λ
mQ
for these near-
threshold states; at largemQ the widths are much smaller than
the spacing and the resonances remain parametrically narrow.
VI. DISCUSSION
This paper focused on tetraquarks containing two heavy
quarks. While it has long been known that deeply bound
tetraquarks with these quantum numbers must exist in the
heavy quark limit of QCD[8, 9], this work showed that multi-
ple narrow tetraquarksmust exist in this limit and that some of
these will be close to the threshold. The conclusion is model-
independent. This process giving rise to the width is pion
emission. However, the analysis did not require any knowl-
edge of the detailed mechanism by which pions were formed
and emitted. Thus the conclusion is robust—provided that
mQ is sufficiently large.
The result obtained here may be of theoretical interest, but
it is not of direct phenomenological relevance. Tetraquarks
with two heavy quarks have yet to be observed experimen-
tally. Moreover, it seems quite likely that if tetraquarks of this
sort do exist in QCD, both charm and bottom are too light for
the semi-classical analysis used here to be valid. However,
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there is a realistic possibility that a fairly large scale separa-
tion could exist and some of the analysis could still apply.
An obvious question is whether an analysis of this sort can
be extended to other exotic hadrons, either to pentaquarks
with two heavy quarks, tetraquarks with a heavy quark and
a heavy antiquark or pentaquarks with a heavy quark and
a heavy antiquark. Apart from the obvious theoretical in-
terest in doing this, there are number of putative exotic
hadrons containing a heavy quark and a heavy antiquark—
both tetraquarks and pentaquarks[27]. Such systems are more
difficult to control theoretically than the one studied here due
to rearrangement effects. If however, rearrangement processes
can be shown to be dynamically suppressed in the limit of
mQ → ∞ then an argument similar to the one given here
should apply. This possibility will be explored in future work.
While the analysis in this paper made intricate use of the
semi-classical and Born-Oppenheimer approximations, the
underlying physics is rather straightforward: asmQ increases,
there is an increasing large scale separation between the slow
scales associated with the motion of the heavy quarks and the
fast degree of freedom. This forces a decoupling between any
process at scale Λ (including pion emission) and the slow mo-
tion of heavy quarks associated with the potential description
of tetraquarks. It is plausible that this will continue to hold
even if mQ is not large enough to put the system in semi-
classical regime that allowed the detailed analysis here but
might be large enough to justify a Born-Oppenheimer scale
separation. If that can be shown to be the case, then it may be
relevant if sometime in the future doubly-charmed tetraquarks
are discovered and the spectrum has an excited state more than
mπ.
It is plausible that if a way to extend the analysis here
to channels where rearrangement is possible, the basic
conclusion—that resonances become narrow due to the heav-
iness of the quarks—may well hold there. That would clearly
be of phenomenological significance.
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